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Abstract
When a fermion interacts with a global vortex or cosmic string a solenoidal “gauge”
field is induced. This results in a non-trivial scattering cross-section. For scalars and
non-relativistic fermions, the cross-section is similar to that of Aharonov and Bohm,
but with corrections. A cosmological example is compared to one in liquid He3-A, and
important differences are discovered.
∗and King’s College, Cambridge
1
1 Introduction
That a particle is scattered by a solenoid, or vortex, with a cross-section per unit length that
is independent of the solenoid radius, but depends only on the flux and particle momentum,
has long been a standard result [1]. This, the Aharonov-Bohm [A-B] effect, has been discussed
in a number of contexts; two of the more interesting ones being vortices in He3 [2] and cosmic
strings [3][4], the dominant mechanism for energy loss from a string network, in the friction
dominated era of the early universe, arising from its Aharonov-Bohm interaction with the
surrounding plasma [5].
The A-B effect was, until recently, associated with the vector potential on the solenoid,
or a string arising when a local symmetry is broken. However, for non-relativistic particles,
March-Russell, Preskill and Wilczek [6] have produced a global analogue to the A-B effect.
They have shown that the breakdown of a global symmetry to a discrete subgroup can lead to
particles scattering off a global vortex with an Aharonov-Bohm-like cross-section, provided the
momentum-transfer is below a certain limit. The result obtained for the scattering amplitude,
in this case, is
f(φ) =
e
−iφ
2
(2piik)
1
2
(
1
cos (φ
2
)
+ 2
∞∑
n=0
(−1)n(ei∆n − 1) cos ((n+ 1
2
)φ)
)
(1)
where
∆n = pi

n + 1
2
−
((
n+
1
2
)2
+
1
4
) 1
2

 (2)
k is the momentum of the ingoing state and φ is the usual azimuthal angle. The first term
in (1) is the usual maximal Aharonov-Bohm amplitude. This form of f gives a differential
cross-section, expressed in terms of the scattering angle θ = pi − φ, of
dσ
dθ
=
1
2pik sin2 θ
2
[1 + C(θ)] (3)
which is the maximal Aharonov-Bohm cross-section multiplied by a calculable correction
factor, [1 + C(θ)], which approaches 1 at small angles1.
All these calculations were done, however, using quantum mechanical methods and
Schro¨dingers equation, and only work in the case of suitably small momentum transfer. Since
global strings arise in many field theory examples it is pertinent to ask how far the result
extends. In particular, for global strings relevant to particle physics and cosmology, it is
clearly necessary to generalise to the relativistic case, and to see if the effect is confined to
this particular model or occurs more generally. Another interesting question concerns the
link between string defects in ordered media and cosmological models. It has already been
shown that substances such as liquid crystal and superfluid helium can be used to verify
the Kibble mechanism for the formation of global strings in the laboratory[7][8][9]. As yet,
though, there are no examples of ordered media with local symmetries, and so it is currently
impossible to physically simulate the evolution of gauge strings. A paper by Khazan [2],
however, has postulated the existence of an Aharonov-Bohm effect associated with certain
line defects in one of the “modes” of liquid He3-A [2]. If there is as strong a link between
1It has been calculated numerically that the correction is largest (C=0.202) at θ = pi.
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cosmological defects and those in ordered media as we would like to think, then there is
a question whether we have actually found an ordered media with a gauge symmetry, or
whether the Aharonov-Bohm effect is not, as March-Russell et al suggested, confined to the
case of local strings. This paper looks at the strength of the link between March-Russell et
al’s cosmological model, and that in He3-A.
In section 2 we review the results of [6] and show how the A-B cross-section arises there.
We also consider the vortices found in He3 [2], and find that, for half-quanta flux, there is a
correction term to the Aharonov-Bohm cross-section, not previously discussed. In section 3
we consider relativistic scalar particles, and show that they too exhibit an A-B cross-section,
once more subject to corrections and limitations. In section 4 we discuss the case of integer
“induced” string flux, and produce the corresponding analogue of [6], but with corrections.
We also discuss integer flux vortices in He3-A, and find that here the correction term is absent.
Our conclusions, and the possible relevance of our work, are discussed in section 5.
2 Non-relativistic Incidences of the Aharonov-Bohm
Effect
Consider the case of a model with a global U(1) symmetry, broken down to Z2 by the
condensation of a scalar field Φ→ ηeiφ. Let this scalar field interact with a complex field ψ
via the coupling
∆L = gΦψ2 +H.c.
This is the “frame-dragging” model discussed in [6]. We now perform a transformation
(
ρ1
ρ2
)
=
1√
2
(
eiφ/2 e−iφ/2
−ieiφ/2 ie−iφ/2
)(
ψ
ψ∗
)
(4)
to obtain the Lagrangian in terms of the mass eigenstates ρ1, ρ2. The corresponding masses
µ1,µ2 are given by µ
1
2 =
√
m2 ± Γ, where Γ = 2gη, so the non-zero expectation value of Φ is
seen to generate a mass splitting between the two mass eigenstates. Another effect is that it
produces a non-zero mixing term between the two states. These appear as the off-diagonal
terms in the equation of motion
i∂t
(
ρ1
ρ2
)
=

 − 12µ1
(
▽2 − 1
4r2
)
+ µ1 − ∂φ2µ1r2
∂φ
2µ2r2
− 1
2µ2
(
▽2 − 1
4r2
)
+ µ2


(
ρ1
ρ2
)
(5)
March-Russell et al [6] claim that the effect of this is ignorable provided we impose the restric-
tion 4k2 sin2 (θ/2) ≪ Γ on the momentum transfer. This is backed up with the suggestion
that since the two states are of differing masses, it is unlikely that they will interact for
low-incident momenta.
The transformation has other, more important, effects however. These are to impose
a boundary condition on ρ such that ρ(φ + 2pi) = −ρ(φ), and to generate the additional
potential 1/4r2. The first of these means that a partial wave solution should comprise of half
odd integer modes only. In particular, it means that, if we ignore the effects of the additional
potential for the time being, the solution to our equations of motion involves Bessel functions
3
of order ν = n + 1
2
, where n ∈ Z. In the case of a pure ρ2 ingoing state, this would lead to
the full Aharonov-Bohm cross-section
dσ
dθ
=
1
2pik
1
sin2 (θ/2)
However, the additional potential modifies this, such that the Bessels functions are, instead,
of order ν =
√
(n + 1
2
)2 + 1
4
. The effect of this is to make the actual cross-section that given
in (3).
In [6], Khazan’s paper on superfluid He3-A [2] is cited as another possible example of a
model with broken global symmetry exhibiting an Aharonov-Bohm cross-section, though the
authors of [6] say that they are unsure whether this effect “falls into [their] framework”. The
reasons for this are easily seen when one examines Khazans model, since it displays both
important similarities and differences to [6]. One of the points that worried them, however,
the absence of an additional potential, is erroneous.
Liquid helium differs from the fields involved in [6] in that it has a matrix order parameter,
Aαi. In the natural state this has symmetry group [12]
G = SO(3)spin × SO(3)orb × U(1)× Z2
where SO(3)spin corresponds to three-dimensional rotations under which the first (spin) index
of Aαi transforms as a vector, SO(3)
orb corresponds to similar rotations of the second (orbital)
index, U(1) consists of transformations taking Aαi → Aαieiβ and Z2 consists of the two
elements 1 and T, where T is the operation of time reversal. In the superfluid A-phase the
symmetry is reduced and it is possible to write the order parameter in the form
A0αi = dα(r)(∆
′
i(r) + i∆
′′
i (r))
where dα, ∆
′
i and ∆
′′
i are mutually orthogonal unit vectors. It retains, however, two combined
symmetries [13].
The first of these is a discrete symmetry under d → −d, Aαi →Aαieipi. This is reflected
in the factorisation by Z2 of the corresponding order parameter space
R = (S2 × SO(3))/Z2
The second combined symmetry is a continuous one. Defining the angular momentum of
the system by l = ∆′ × ∆′′, this corresponds to rotations about l by an arbitrary angle β
coupled to a multiplication of the order parameter by eiβ.
We now consider the case where this order parameter oscillates with respect to its equi-
librium value A0αi such that Aαi = A
0
αi + δAαi, where δAαi = ψdα(∆
′
i − i∆′′i ) and ψ is a
complex scalar describing what is termed the “clapping” mode [12]. Consideration of the
first homotopy group of the space of degenerate states, R, shows that
pi1(R) = Z4
from which we see that this model supports four different topological classes of linear defects,
or vortices [14]. We consider the class with quanta 1
2
. Near such a vortex, the order parameter
can be written as
dα = xˆα cos (φ/2)− yˆα sin (φ/2)
∆′i + i∆
′′
i = (xˆi + iyˆi)e
iφ/2
4
where φ is the azimuthal angle in the plane, and xˆ, yˆ are the usual unit vectors. It is the
interaction of the “clapping mode” with this vortex that gives rise to the Aharonov-Bohm
cross-section.
The equation of motion for such a system is found to be
c2(▽− iA)2ψ + Uψ = (ω20 − ω2)ψ
where A = ∆′i▽∆′′i and U = −c2(▽kdα)2.
Using the form of the vortex given above one can write these more explicitly as
U = 1
4r2
, A = 1
2r
eˆφ (6)
Not only is the “gauge” field very similar to the effective “gauge” field one obtains as a result
of the transformation in [6], but there is also an identical additional potential. At first glance
then, it would appear that the superfluid helium model and the “frame-dragging” case are
very closely linked. There are some important differences however.
In both [6] and [2] the equation of motion involves the square of a derivative term, the
only difference between the two cases in this term,arising in the contribution of the azimuthal
component. In [6] the relevant term is
[
1
r2
∂2φ −
2iσ2
r
(
1
2r
)
∂φ −
(
1
2r
)2]
ψ
where the 1
2r
is the induced “gauge field”, and σ2 is the second Pauli matrix. As explained
above, a partial wave solution must comprise of only half odd integer modes, ei(n+
1
2
)φ, so we
see that the first term in brackets is equivalent to −(n + 1
2
)2ψ. This together with the third
term determine the order of the Bessel functions ν2 = (n+ 1
2
)2 + 1
4
. The second term is none
other than the off-diagonal terms, dismissed in [6] for suitably low momentum transfer.
In [2] the corresponding term is
[
1
r2
∂2φ −
2i
r
(
1
2r
)
∂φ −
(
1
2r
)2]
ψ
where once more the 1
2r
is due to the “gauge” potential. Here, however, we have no strange
boundary condition, so using a partial wave solution with integer modes, einφ, we see that
the whole term is equivalent to −(n + 1
2
)2ψ. We also note that there are no off-diagonal
terms. Hence, the result in [2] is unconstrained by the momentum transfer limit in [6]. We
still have an extra potential, U = 1/4r2, however, and this means that the Bessel functions
in the solution will be of order ν2 = (n+ 1
2
)2+ 1
4
, exactly the same as in [6]. Hence, Khazans
stated cross-section is not quite the full result, as it does not include corrections due to the
potential U . If we include this effect, then the cross-section is identical to that in [6].
At first sight, this would appear to add more weight to the idea of the two being different
incarnations of the same phenomenon. However, it is important to remember that although
they share the same result, they possess it for quite different reasons. The additional potential
in [6] arises as a direct result of the induced “gauge field”, whilst the Aharonov-Bohm effect
is produced by the imposed boundary condition. In the case of superfluid He3-A, however,
things are a little more complicated; there are in fact two defects present. The string solution
5
is actually contained in the vortex form of ∆′ + i∆′′, whilst the similar form of d is actually
the superposition of a disclination of the d field upon the string solution [14][15]. It is this
latter defect which gives rise to the additional potential. Unlike the “frame-dragging” model,
it is the “gauge” field which causes the Aharonov-Bohm effect in superfluid He3-A; just as it
does in the case of local strings.
3 Relativistic Charged Scalars
We now consider the scattering of relativistic charged scalars off a global string using the
following Lagrangian
L = 1
2
(∂µρ)
∗(∂µρ)− 1
2
m2ρ∗ρ− 1
2
gΦρ2 − 1
2
g∗Φ∗ρ∗2 (7)
where ρ is the scalar field and Φ is the Higgs field. If the Higgs field condenses such that
at large distances Φ → ηeiφ then, on performing the transformation ρ → e−iφ2 ρ and setting
Aµ =
1
i
∂µ(
−iφ
2
) we get a modified Lagrangian of the form
L = 1
2
(Dµρ)
∗(Dµρ)− 1
2
m2ρ∗ρ− 1
2
v(gρ2 + g∗ρ∗2) (8)
with induced “gauge” field Aφ = −12 , At,r,z = 0, where Dµ = ∂µ + iAµ. A simple application
of the Euler-Lagrange equations now yields the equation of motions for ρ,ρ∗.
DµD
µρ + m2ρ + 2vg∗ρ∗ = 0
D∗µD
µ∗ρ∗ + m2ρ∗ + 2vgρ = 0
(9)
It is possible to write (9) in matrix form by setting
DµDµ =
(
DµD
µ 0
0 D∗µD
µ∗
)
, ρ˜ =
(
ρ
ρ∗
)
,M2 =
(
m2 2vg∗
2vg m2
)
(10)
whereupon (9) becomes
DµDµρ˜+M2ρ˜ = 0 (11)
We next attempt to decouple the equations for ρ and ρ∗ by diagonalizing M2.To do this we
first need to find its eigen-values and eigen-states. These are found to be m2 ± 2η|g| with
corresponding eigen-states 1√
2
(± g∗|g| , 1). If we now define
S =
1√
2
(
α −α
1 1
)
(12)
and perform the transformation ρ˜ → ρˆ = Sρ˜, where α = g∗|g| (note:|α| = 1) and ρˆ = (ρ1, ρ2),
we see that DµDµ becomes
S†DµDµS = 12
(
∆2 +∆∗2 −∆2 +∆∗2
−∆2 +∆∗2 ∆2 +∆∗2
)
(13)
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where ∆2 = DµD
µ. Using
∆2 = ∂µ∂
µ − AµAµ + 2iAµ∂µ (14)
we can write (11) as(
∂µ∂
µ − AµAµ + µ21 −2iAµ∂µ
−2iAµ∂µ ∂µ∂µ − AµAµ + µ22
)(
ρ1
ρ2
)
= 0 (15)
where (µ12)
2 = m2 ± 2|g|v. This is a similar form to that in [6], though here we have a
Klein-Gordon rather than a Schro¨dinger equation.
Proceeding in a similar fashion to [6] we now ignore off-diagonal terms, and, using cylin-
drical polars and assuming that all motion takes place in the (r,φ) plane we obtain(
∂2t −▽2 + 14r2 + µ21 0
∂2t −▽2 + 14r2 + µ22 0
)(
ρ1
ρ2
)
= 0 (16)
We now take the case of a pure ρ2 ingoing state.
− 1
2µ2
∂2t ρ2 = [− 12µ2 (▽2 − 14r2 ) +
µ2
2
]ρ2 (17)
So, by modification of the solution in [6], we find that
ρ2(t, r, φ) =
∑
n∈Z
e−i(ω+
µ2
2
)
1
2
√
2µ2tei(n+
1
2
)φP (2)n (r) (18)
Hence, following [6] we obtain the following differential cross-section
dσ
dθ
=
1
2pik2 sin
2( θ
2
)
[1 + C(θ)] (19)
where C(θ) is the same correction as given earlier, and in [6]. However, we have used the
same assumption as [6] in ignoring the off-diagonal terms, so this result, though relativistic,
is constrained by the same requirement on the momentum transfer as [6].
4 Effective Integer Flux in Non-Relativistic Case
Now consider the case where Φ condenses to ηe2iφ instead of ηe−iφ. The result of this is to
remove the extra boundary condition and modify the additional potential to 1/r2. This time
then, the allowed spectrum of partial waves includes only integers, and it is easy to obtain a
solution by modifying that found in [6]. Considering once more a pure ρ2 ingoing state we
have
ρ2(t, r, φ) =
∑
n∈Z
e−i(ω+µ2)teinφP (2)n (k2r) (20)
where the Pn satisfy Bessel functions of order ν where ν
2 = (n+1)2+1. Since ν 6= 0 for any
value of n we can take Jν and Nν to be the two independent solutions of the Bessel equation
so that
ρ2(t, r, φ) =
∑
n∈Z
e−i(ω+µ2)teinφ [anJν(k2r) + bnNν(k2r)] (21)
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We now match this onto to an incoming plane wave plus an outgoing scattered wave at infinity
such that
ρ2(t, r, φ) ∼
∑
n∈Z
e−i(ω+µ2)t
[
einφe−ipi|n|/2J|n|(k2r) +
eik2r√
r
fne
inφ
]
(22)
where we have made use of the usual expansion of the plane wave in terms of integer order
Bessel functions
e−ikr cosφ =
∑
n∈Z
e−ipi|n|/2ei|n|φJ|n|(kr) (23)
If we now set z = k2r and make use of the asymptotic forms of the Bessel functions
Jµ(x) ≃
√
2
pix
cos (x− µpi
2
− pi
4
) (24)
Nµ(x) ≃
√
2
pix
sin (x− µpi
2
− pi
4
) (25)
then taking incoming and outgoing components (corresponding to e−ikr and eikr respectively)
we obtain
1√
2pik
eiνpi/2+ipi/4an + i
1√
2pik
eiνpi/2+ipi/4bn =
1√
2pik
eipi/4
1√
2pik
e−iνpi/2−ipi/4an − i 1√2pike−iνpi/2−ipi/4bn = 1√2pike−ipi|n|−ipi/4 + fn
(26)
from which we can extract an expression for fn in terms of bn
fn =
1√
2piik
[
e−iνpi − e−ipi|n| − 2ie−iνpi/2bn
]
(27)
If, for the time being, we ignore the bn, then we have
f(φ) =
∑
n∈Z
fne
inφ =
∑
n∈Z
1√
2piik
[
e−iνpi − e−ipi|n|
]
einφ (28)
By rearrangement of the series, it is possible to rewrite this as
f(φ) =
1√
2piik
∞∑
n=0
2(−1)n+1(ei∆n + 1)e−iφ cos ((n + 1)φ) (29)
c.f. the correction term in [6]. This comes as no surprise since the effective “induced” flux in
this case is 1 and since sin (pi) = 0 we expect the Aharonov-Bohm part of the scattering am-
plitude to vanish leaving us with the correction alone. Hence, to leading order, the scattering
cross-section is entirely a result of the induced 1/r2 potential. The next step is to determine
what effect the bn may have on the scattering.
In considering the roˆle played by the bn it is necessary to consider the solution inside the
core, as we can then get an expression for bn by matching the internal and external solutions
at the core radius. Demanding regularity and square-integrability at the origin we obtain
∑
n∈Z
cnJn(k
′
2r)e
inφ (30)
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as our internal solution, whilst, from above, our external solution is
∑
n∈Z
[anJν(k2r) + bnNν(k2r)] e
inφ (31)
It is important to note that k′2 and k2 are different due to the change in mass on passing into
the core. Assuming that k
(′)
2 r ≪ 1 we can match at r = R, making use of the small argument
form of the Bessel functions
Jµ(x) ≃
(
x
2
)µ
1
µ!
, Nµ(x) ≃ (µ−1)!pi
(
2
x
)µ
(32)
The matching conditions involved for Schro¨dinger’s equation are discussed in [11] where the
solution is shown to be continuous up to and including it’s first derivative. Using this, and
defining z = k2r, z
′ = k′2r we obtain
Jν(z
′) = Jν(z)an + Nν(z)bn
J ′ν(z
′) = J ′ν(z)an + N
′
ν(z)bn
(33)
where ′ denotes d
dr
. Combining these gives
bn
an
=
Jν(z)J
′
ν(z˜)− Jν(z˜)J ′ν(z)
Nν(z)J ′ν(z˜)− Jν(z˜)N ′ν(z)
(34)
and we can now make use of the Bessel function identity
d
dr
Jµ(r) =
1
2
(Jµ−1(r)− Jµ+1(r)) (35)
and their small argument forms to reduce (34) to
bn
an
≃ (kR)2ν (36)
Since ν = [(n + 1)2 + 1]
1
2 , we see that the relative suppression of bn to an is never less than
kR. If however we were to remove the induced potential such that ν = n+1 then for n = −1,
ν would be zero, and
b−1
a−1
≃ pi
2 log (kR)
(37)
so that for this mode b−1 would actually dominate a−1, and we would recover Everetts cross-
section for scattering off a local-string of integer flux [10]:
dσ
dφ
=
pi
4k
1
[log (kR)]2
.
This is what, in fact, happens in the case of liquid helium.
If we consider the He3-A string in the case of integer flux then we find that the vortex
solution slightly changes, in that there is now no disclination present in the spin field, and dα
is found to be constant. Since U = −c2(▽kdα)2, this implies that the additional potential is
zero. Hence, unlike the “frame-dragging” model in this instance, we obtain the uncorrected
Everett cross-section, since the leading order correction term is also absent.
9
5 Conclusions
We have seen then that it is possible to construct a model where a global string exhibits an
Aharonov-Bohm-like cross-section on both a non-relativistic and relativistic level - for scalars.
It should be noted, however, that the relativistic model is subject to even stronger restrictions
than the non-relativistic one, and so we cannot say much about the general relativistic case.
This may not, though, necessarily be the case for relativistic fermions.
The case of He3-A is, however, somewhat different. Firstly, the defect involved is, essen-
tially, an half-integer “flux” string - as opposed to the integer “flux” string of March-Russell et
al. Secondly, there is a difference in the source of the additional potential; that of [6] coming
straight from the “gauge field”, and that in [2] being the result of a second defect, superim-
posed on the first. Hence, in the case of integer flux, where He3-A supports no such defect,
the additional potential vanishes - in contrast to the everpresent potential of [6]. Finally, the
Aharonov-Bohm cross-section itself is attributable to different sources in the two models. In
the “frame-dragging” case it is essentially a result of the second order nature of the equation
of motion following a transformation, whilst superfluid He3-A demonstrates Aharonov-Bohm
scattering for the same reason a local string does - the presence of a long-range 1/2r potential.
In [2] it was suggested that the A-B cross-section of the half-integer “flux” string in He3-A
might allow it to be distinguished experimentally from an integer “flux” string. However, since
the two cross-sections only differ from each other by a log(kR) factor, it seems unlikely that
any experiment would be sensitive enough to distinguish between these two cross-sections.
However, in section 2 we saw that there is a correction, C(θ), to the A-B cross-section in
the case of the half-integer “flux” string, something missed in [2]. The angular dependence
of this factor may allow the two vortices to be distinguished experimentally in a scattering
experiment.
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